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Outline

Phase transition models on Networks
— Ising model, Epidemic spreading, Synchronization, .. [MF]

Phase transitions on Complete Graph (all-to-all connections) [ MF']

Phase transitions on Sparse networks
— ER Random networks & Scale-free networks [“MF”]

Annealed approximation for gquenched networks (annealed networks) [*"MF"]

— Issue: validity of annealed approximation with quenched link disorder
* transition point shift due to local correlations generated by quenched disorder.
* transition nature ?? [MF regime: quenched disorder usually irrelevant]

— (example) Kuramoto model for synchronization
* Intrinsic frequency distribution: unimodal/uniform/bimodal/...
* transition nature changes [“MF” # “MF"| even for ER networks.

— Ising model, Contact process, ...
* finite-size scaling changes for highly heterogeneous SF networks!

e Remarks



Phase transition models on Networks

Network e nodes and links

e NoO distance information (co dim.)
'\. * N : number of nodes
e k; . degree of the i-th node

>/' * P(k). degree distribution

1  when nodes ¢,7 are linked,

Adjacency matrix Qij = { 0 when nodes i,j are not linked.

. ISing mOdEI H[{S}] = —J Zi,j Q;jS;S; with s;, = =1
- Synchronization ¢; =w; — K ), a;;sin(¢; — ¢;)



Complete graph

g5 — 1 for all Z] Z?ﬁj Qg5 ™ N2 Rescaling
’J the coupling constant
Ising model ~ Hl{s}]=—=) sis; by N

ij
. K ,
Kuramoto model  ¢; = w; — ~ Z sin(¢; — @)
J

Easy to solve analytically and Mean-field ( MF") result.

H Sparse networks H D i ij ~ N

ER networks P(k) ~e™*  Scale-free networks P(k) ~ k™7

Quenched disorder in link configuration as;

Difficult to solve analytically - replica tricks/numerics -- “MF”
ER networks : “MF” ~ MF" ??
Annealed approximations -- "MF”, and *MF" ~ “MF” 77




Example: Synchronization

Random frequency : unimodal dist.

(wi) =@ and (wiwj) = 20‘(5@'3'

g(w)]

&

unimodal

‘Kuramoto model on CG ‘ doi

Synchronization
transition




‘Kuramoto model on CG ‘

dqb,,,: | i\f:

Phase Order parameter

(w%-) = 0 and (w@-wj) = 53'3'

_ id; doi _
= ZBQB at

— KA Sin(éi — 9)

Steady state (long-time limit)

= W; =

dt

dp; 0, lw;| < KA (entraine
Vw? — (KA, |w;| > KA (running)

A = /|w|<m dwg(w)y/1 — (w/KA)2

g1

N

~-KA 0O KA




Self-consistency equation

@]

A = f dwg(w)y/1 — (w/KA)? )
jw|<KA

~ aKA+ (KA +0((KA)?) [a~g(0),c~g"(0) < 0]

A ~ )’ =1/2)

K. =1/a=2/(mg(0))

Mean field (MF) scaling

/

slow & gradual entrainment of
oscillators with small frequencies to
large frequencies .




Kuramoto model on CG ‘

1 uni form

do; 2b
j: ——Zsm(qbz ®;)

Random frequency : uniform dist.

A = dwg(w)y/1 — (w/KA)2
|w|<KA

() |[KA| < b —KAO0 KA b

KA
A:i/ dion/T= (@] RAP = TE2 oy A =0
2b | en 4b

» sudden & full entrainment of oscillators
=  Why? High-freq. oscillators are strong enough
to destabilize synchronization of low-freq. oscillators.




(i) KA > b

L[ KA
A= dwy/1 — (w/KA)? = —=f(b/KA)
—b
fly), fly) =2 [ dzv1 — 22
L5 0<y<1)
A 2/3 2 |
el ) 2 K, = 4b/n
I N R
i - - 0 3 1 Y
K. K KA
= 1storder jJump o) bimodal

—
»
>

—

[~ g"(0) > 0]

Random frequency : bimodal dist. ﬁw
L LN

= 1Storder jump + group dynamics J




Kuramoto model on Sparse networks

* Many people use the uniform freq. distribution on guenched networks,
just for convenience, in numerical simulations.

o Seems finding a continuous & ordinary MF transition. How?

e Different from the CG result !

o What would be the result in “annealed” approximations? Ordinary MF?

o Same results on “guenched” networks?

dqbz = w; — KZaw sin (¢; — ¢;)

N
c ) 1 )
Local fields |- Ae? = =N el

N d¢
h?;ew"? — Z&@j@wj g Wi — Khz SiIl(QD?; — 93)




Kuramoto model on Sparse networks ‘

N m
hiezgi = jzzl Clqjjewj dtz = — Kh; SiIl(Qb?; — 93)
Annealed approximation Qi R kik;
Nk
Global field per link
N N
hi 1 ki . o _ 1 5
HzQE_%zQ,L:_ PR 1o¥ AN — et®i
e L € N z:: D e N ;
do; .
dé% o _@H SlIl _ 9 7 = w; — KA 8111(¢7; — 9)

Oscillators Withlgh k experiences strong coupling field kK.




Self-consistency equation Random frequency : Uniform dist.

KH | b "
=00 e 3O, ¢ (e ) P00
ER random networks A = WZA for |[KA| < b
o TR LRI (L0} KAy [NELZNE ]
4b{k) (k) V20 ﬁ Different from CG result
AmHmKicun(K—Kc)l‘1 Al /
- By et

= degrees bounded from above : jump |£¢ K




ER random networks : Quenched

Uniform freq. dist.
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Scaling collapse

B=1/2 and 7 = 5/2

(same result with unimodal dist. on CG
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Numerical results on the guenched ER network

b =

w; — KZ a;j sin(¢; — ¢;)
=

MF: 2nd order

MF:

1 .
a=(512.¢*

N

e

1

J

1st order

(k) = 4

~/ K — K. regardless of g(w)

MF: log behavior
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Synchronization with uniform/bimodal freq. distribution
®Results on CG & annealed & quenched ER networks are ALL different !

@® Results on quenched networks seem identical to the results of the
ordinary MF theory with unimodal freq. distribution.
Why?
- Oscillator frequency is effectively modified by
the environments through interactions.
* Additional distribution (noise) may be relevant ! (annealed X)
* Some low-freq. oscillators in hostile environments
could not participate in synchronization. . (CG X)

* High-freq. oscillators cannot destabilize all low-freq.
oscillators due to limited (quenched) connections. (CG X)

“Effective” frequency distribution
before the onset of macroscopic synchronization ??



Effect of additional “additive” noise

e : 1
w; = Wi +1; with  7; ~ ks Z @ijWil(average n.n w)
J

For simplicity, assume 7); are independent and
Gaussian random variable with (n?) ~ (w?)/(k).
i, 1; are NOT independent, if nodes 7, j share the same neighbors.

Effective frequency distribution

3w = f f §(w — w — )g(n)g(w)dwdn ~ / e B /200 o

= Additional noise gives additional concaveness near zero frequency !

Possibility for the 2" order continuous transition
even for uniform and bimodal freq. distribution
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Remarks

« How much can you convince yourself that you are doing a right
calculation (annealed approximation) even when you are dealing with
seemingly innocent “uncorrelated” Erdos-Renyi random networks?

 How one can categorize the cases where simple annealed MF
calculations are good enough for sparse ER or SF networks ?

 The MF theory on the complete graph may not work else where.
» Which case applies to high-dimensional MF behavior?
« Up to now just case by case. Any systematic understanding possible?

o Still lacks a full story (understanding) even for synchronization prob.
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