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QUANTUM GRAPH

» Quantum particle on graph (lines & nodes)
st Mathematical physics aspect

* Minimal extension of |-dim quantum mechanics

P “applicational” aspect

- Model of single electron device 5

- Nontrivial physics
with Exotic vertex

* Application to “quantum device”




CONNECTION CONDITION

« At the node, define

1 (04) ¥1(04)
U = : U = ;
Y (04) ¥;,(04)

~ (Kostrykin & Schader, 99)
rank(A, B) = n, AB" = BA* :n* parameters

- P, P’ different dimension .scale anomaly
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SCAIT TERING MATRIX

2

* Scattering from j-th to i-th lines
wqf]) (.CI?Z) = e—ikxi _I_Siieik:cz' (Z . ]) ik

=— Sij Gikxi (’L # j) 1 - e

S11 e lkx

* Scattering matrix S(k) from

ERUESENp = 0 (W . o™y = S(k) + I

(U’ () = kS (k) + ik
—» A(S(K) + N+ik B(S(k) - =0




FREE CONNECTION

* “normal’’ or “free’’ connection : thin tube limit
P (0) = YP2(0) = ... = Pn(0)
Wi"0) T2’ (0) + ..+ P, (0) =0 \

transm. Sij(k) = —=2/n, refl. Sji(k) = 1-2/n

( 7 4y : 179
NGl Reiree  exists

Wi(0) + P2(0) + .. P(0) = O
Yi°0) =w2(0) = .. = Wn (0) 4/9

transm. Sii(k) = 2/n, refl. Sji(k) = —1+2/n

total reflection at n \to o
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DELTA & DELTA-PRIME VERTICES

» delta connection free + obstacle v:[ I/L] length scale

PI0) = W20) = .. = Po(0) P ]
W (0) + W2 (0) +..+ P  (0) = v P(0) o

discontinuous Y’ high-pass filter

» delta-prime connection

\IJI(O) N L|)2<O> i \_I)n(()) i \l)'(O) (k) |
WI°(0) = W2’ (0) = . = ' (0 “t

discontinuous Y low-pass filter
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SCALE INVARIANT VERTICES

* Extension of free node with scale invariant parameters
P1(0) = /62 Y20) = = = |/tn PYn(0)
RGN, (0) + =+ & Py (0)=0

Branching ratio controlled by |tn|2
—» K-Independent scattering (Fulop & Tsutsui '00)

* heir “dual” partners
Wi(0)" + o Pa(0) + ..+ th Ya(0) =0
W ©) = |/t w2 (0) =... = I/th " (0)

* Mixed types ({I,..,m } {m+1,.n}) also exist (m=1
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GENERALVERTEX

» General KS connection cond. rewrrtten with {m, m'} as

>\IJ S . delta [I/L]
;S : delta-prime [L]

I': mx(n-m) complex, S : mxm Hermitian
1 m'x(n-m) complex, S: m xm’ Hermitian

e =0 S = rank($) = rank(d)

« —» finite construction of exotic vertex (Cheon, Exner;Turek, 201 1)
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DEMIENSIONAL TRANSMUTATION

*n = 2 delta P+ — P = v+ = v el i ]
*n = 2 delta-prime  PY+— Y. = u P+ = U Y- e L]

BIE=NIEScaic invariant O+ = a Y-, W+ = (g psscrsms

d \to O d

Vo

2/u-1/d

d \to O _q/2

0 d/2
(1/a-1)/d l

Emergence of scale with strength renormalization

delta-prime I U/ scale invariant T e
a

2/u-1/d
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EXOTICVERTEX FROM DELTAS

* FInite approximation scheme for general vertex

-- cut node, connect all pairs by lines (j, k) of length d (\to O)
- n Os [v] at new nodes,

— n(n-1)/2 Os[wj] at the center of (j, k)

-- n(n-1)/2 vector potentials [Aik] on (j, k)

— v; = Yt Bi/d, Ai=n/d , wik = Bi/d+ni/d?

» Norm-resolvent convergence proved
- RAP(k?) : resolvent on L#(Gy) ; Gy = (RT) @ (0,d) 5
- R(k?) :resolvent on L*( (R")")
- RE(k?) = R(k®) +0 n+2nn-1)/2 = n?
- || RE(k?) -R¥(k%) || = O




COUNTER INTUITIVE COUPLING

» Scale invariant n=4 graph with 4 = (Z _aa)

—) 0 2a 2a
14+2a? 14+2a? 14+2a? \
=27 2a 2a
i [ e 14+2a? 14+2a2?
2a il 0
14+2a? 14+2a?

2a 0 1—2a2/
14+2a2

. | | et
In particular, with o= 7

—=

1

1 R . .

0 palr-wise equiscattering
0 with no reflection




POTENTIALS ON LINES

- Potential U; on line j

2pz(J) (SIZ) N e—ikja: 1L Sjjeikja: for i :]

o
— Si; #elkix O 4 == )

Define K = {V/kid;}
APp+By =0
(W0 oo apl @y A e e
(UMW) )y = iK? + iIKSK
Scattermg mMatrix




THRESHOLD RESONANCE

BNEEfaph node 7 — (a b) with external field U

1.0+
3
lu So1 g kX
—_—

FT: (ab) 2

* |—»2 transm. P =|S3|?

821(116; U) —

Sor = |
threshold resonance at kg.=+/U

: . kpol
U-controlled monochromatic filtering V/bE=
pole on unphysical surface

%



CONTROLLABLE BAND FILTER

a a
el =0l

* N=4 Graph node T = (

3

) with external field i

o -ikx U' ' o oike

T I T e T

1 ¢aa 2

FT: (a-a)

4

* |—»2 transm. P =|S3i|?
Interference of 2 resonances “" o

2
1S5,1° 0:57
0.0

SN GEiransm. When V. = U 52 05-

0.0

k(l)th:\/U, /<<2>th:\/\/ =
—» [v/U, +/V] Band Filter

|5




EON | ROLLABLE FLAT RIS

S € Ephinode T — (a > with external field U

3 :
o-ikx i R ki = VU

* |—»2 transm. P =|S3|?
22 (1-\/1- &)
(1+2a2) + 2a2(1 + 2a2),/

+ [0,4/U] flat band-filter

SQl(k; U) —




EON | ROLLABLE FLAT RIS

S € Ephinode T — (a > with external field U

3 ToE

g 1k | .| U=0.0004

o.o-,|

0.5 U= 004

U=0.30

* |—»2 transm. P =|S52|? N s 4.
22 (1-\/1- &)
(1+2a2) + 2a2(1 + 2a2),/

+ [0,4/U] flat band-filter

U=1.00

SQl(k; U) —




FINITE GRAPH REALIZATION

* Exotic vertex from delta vertices (+magnetic field)

e * No |-»2 (interference) U=0

> No |-»3 with added U > E
flux pushed to |-»2




GENERALIZATIONS

» Generalized spectral filter can be designed

1.0




SUMMARY & PROSPECTS

» Quantum graph with tay

—-- Hermite & unitary sc

» Detailled study of quantum graph vertex
making sense by charting of n’-parameter space
bhysical realization of exotic quantum vertex

or-made seat

uare matrix

» Joward designing gquantum transistor

ering properties

* Pedagogical value for “advanced” quantum mechanics
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